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Introduction:   
We have recently shown [1] that the altitude pro-

files of CO2
+(B2u

+X2g) and CO(a3X1+) 
Martian ultraviolet dayglow emissions above 130 
km follow the altitude profile of ambient CO2, re-
flecting the temperature of the neutral atmosphere.  
In contrast, the O(1S3P) ultraviolet dayglow emis-
sions above 130 km follow the altitude dependence 
of ion-electron recombination in the Mars ionos-
phere, reflecting the square of the electron density.  
Thus Mars dayglow and radio science ionospheric 
occultation measurements return strongly correlated 
information.  The high altitude O(1S) dayglow emis-
sions teach us about the topside ionosphere plasma 
scale height and temperature, while the CO2

+(B2u
+) 

and CO(a3) dayglow emissions teach us about the 
altitude profile of the primary ionizable atmospheric 
constituent, CO2.  

Relatively few Mars missions have included 
spectrometers capable of recording ultraviolet dayg-
low emissions, while every Mars orbiter or near fly-
by mission implicitly records information about the 
electron density altitude profile in the Mars ionos-
phere by refraction and time-delay just before radio 
transmission to Earth is blocked by the planet body 
and just after it becomes unblocked. 

Here we report development of a parameterized 
analytical model of the time and altitude variation of 
the electron density in Mars ionosphere based on a 
new eigen-solution expansion.  We outline analytical 
and numerical mathematical formulas, tools, and 
procedures for systematic automated analysis and 
fitting of electron density altitude profiles, versus 
Mars astronomical variables: solar zenith angle, so-
lar activity, and heliocentric distance.  The primary 
targeted dataset is the several thousands of electron 
density altitude profiles recorded by the Mars Glob-
al Surveyor (MGS) orbiter achieved in the Planetary 
Data System (PDS). 

Eigen-Solutions of the Diffusion Equation:   

Consider an isothermal one-dimensional atmos-
phere with a vertical diffusion coefficient given by 
D(z) = D0 exp(z/HD).  We write the partial differen-
tial equation for diffusion of a trace minor chemical 
species with isothermal scale height H, as  

(1) /t N(t,z) = /z { D0 exp(z/HD)  
 [ /z N(t,z) + N(t,z)/H ] } , 

which has the well-know time-stationary or t   
solution of the form 

(2) N0(t,z)  constant  exp( - z/H ) .  

We make an independent variable substitutions for 
time as  = t {D0 / (4HD

2)}.  We also make the much 
more important substitution for altitude, 
 = exp{ -z / (2HD) }, as suggested in the literature 
[2-5].   

Using several definitions and equations in chap-
ters 9-11 on Bessel functions in the handbook by 
Abramowitz and Stegun [6], we write the general 
solution of equation (1) as 

(3) N(t,z) =  0


 g() exp(– 2 ) +2 J( ) d , 

where  = HD/H -1 [5].  Ferraro and Özdoğan [2] 
were the first to find a Bessel function solution and 
L'vova et al. [5] were the first to implement Bessel 
function solutions with the order depending on the 
ratio of chemically unrelated scale heights.  Bessel 
functions of integer and half-integer orders , are 
easily calculated from published formulas [6] and 
FORTRAN subroutines [7].  Subroutines for arbi-
trary orders are also available [8]. 

The non-zero values of g() in equation (3) can 
be determined from the fact that diffusion cannot 
create or destroy population.  Thus 0 = 0 and 
J+1(j) = 0, for j > 0, defining the eigen-solutions 

(4) Nj(t,z)  exp(- j

2
 ) +2 J(j ) ,  

the orthonomality relationships  

(5)  0


 ez/H Nj(0,z) Nk(0,z) dz = jk ,  

and the complete solution of equation (1) for arbi-
trary initial conditions: 

(6) N(t,z) = j cj Nj(t,z),  where 

(7) cj =  0


 ez/H N(0,z) Nj(0,z) dz . 

Diffusion with Sources and Sinks:   
Now we write  

(8) N(t,z) = j cj(t) Nj(0,z) , where 

(9) cj(0) =  0


 ez/H N(0,z) Nj(0,z) dz . 

Equation (1) then becomes 

(10) /t N(t,z) = /z { D0 exp(z/HD)  
 [ /z N(t,z) + N(t,z)/H ] } 
 + Source(t,z) – Sink[z,N] . 

Substituting equation (8) into equation (10) we get 

(11) j d/dt cj(t) Nj(0,z) =  
  [D0 / (4HD

2)] j j

2
 cj(t) Nj(0,z) 

 + Source(t,z) – Sink[z,N] . 

Suppose that Sink[z,N] has the general form 

(12) Sink[z,N] = [0  + 1(z)] N(t,z) + 2 N(t,z)2. 

Then we multiply both sides of equation (11) 
ez/H Ni(0,z) and integrate using equation (5) to obtain 



 

(13) d/dt ci(t) = – [D0 / (4HD
2)] i

2 ci(t) + Si(t)  
 – 0 ci(t) – k ck(t) Rik – 2 jk cj(t) ck(t) Qijk 

where 

(14) Si(t) =  0


 ez/H Ni(0,z) Source(t,z) dz , 

(15) Rik =  0


 ez/H Ni(0,z) 1(z) Nk(0,z) dz , and 

(16) Qijk =  0


 ez/H Ni(0,z) Nj(0,z) Nk(0,z) dz . 

In the simplest case, where 1 and 2 are both ze-
ro, we write j  = [D0 / (4HD

2)] j

2
 + 0.and find the 

following time-dependent solution [9]: 

(17) ci(t) = exp(- i t) [ ci(0) +  0

t
 Si(t') exp(i t') dt' ] 

Chamberlain [10, 11] and Chamberlain and Hun-
ten [12] described an eigen-solution basis-function 
approach for the case of time decay of the terrestrial 
nighttime ionosphere, with no ionization source, i.e. 
Source(t,z) = 0, and terrestrial upper ionosphere 
electron-ion recombination rates that were inferred 
empirically [13-16] to be exponentially dependant 
on altitude but linear in the electron and ion densi-
ties, i.e. 0 and 2 are both zero, and 1(z)  
exp(-z/HR), for the special case of HR = HD.  

Glidden [16] had earlier investigated a similar 
case with a Chapman ionization source.  Tuan [17] 
adopted a similar approach, along with comparisons 
to ionospheric observations.  A number of authors 
[3, 4, 18-20] have added an ion-drift term of the 
form  w N/z .  Makeev et al. [20] were the first 
to consider the case were all three scale heights, H, 
HD, and HR, are unrelated to each other.  

In this case we rewrite equation (13) as 

(18) d/dt ci(t) = – [D0 / (4HD
2)] i

2 ci(t) + Si(t)  
  – k ck(t) Rik  

This inhomogeneous linear system of first-order 
differential equations with constant coefficients can 
be solved explicitly by matrix manipulation and the 
method of variation of parameters [9] or treated as if 
a system of simple chemical interconversion reac-
tions, for which efficient numerical integration pack-
ages are available [21]. 

Quadratic Electron-Ion Recombination in the 
Mars Ionosphere:  
As indicated above, the focus of the work re-

ported here is on modeling and fitting the altitude 
and time dependencies of the measured electron and 
ion densities in the Mars ionosphere versus solar 
activity, heliocentric distance, and local solar time 
[1].  The major positive ion is O2

+ and electron-ion 
recombination is expected to be quadratic in the 
electron density, i.e., in equation (12), 0 and 
1 vanish, but 2 does not.  Ferraro [22] made some 
early attempts to model the complicated quadratic 
recombination case.  Equation (13) then becomes 

(19) d/dt ci(t) = – [D0 / (4HD
2)] i

2 ci(t) + Si(t)  
  – 2 jk cj(t) ck(t) Qijk  

Given initial conditions provided by equation 
(9), equation (19) can be solved by efficient chemi-
cal kinetics integration routines [21].  Alternatively, 
a steady state solution can be found by a nonlinear 
vector root search. 
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